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Abstract
We present new Chebyshev–Gru¨ss type inequalities on RN over spherical shells and balls by extending some basic univariate
results of Pachpatte.
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1. Introduction
For two absolutely continuous functions f, g: [a, b] → R consider the functional



















where the integrals involved exist.
In 1882, Chebyshev [1] proved that if f ′, g′ ∈ L∞[a, b], then
|T ( f, g)| ≤ 1
12
(b − a)2‖ f ′‖∞‖g′‖∞. (1.2)
In 1935, Gru¨ss [2] showed that
|T ( f, g)| ≤ 1
4
(M − θ)(Γ −∆), (1.3)
provided θ , M , ∆, Γ are real numbers satisfying the condition −∞ < θ ≤ M < ∞, −∞ < ∆ ≤ Γ < ∞ for
x ∈ [a, b].
The purpose of this work is to extend the above fundamental results over spherical shells and balls in RN , N ≥ 1.
For that we need the following machinery form Pachpatte [3] which also motivates our work.
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Let f : [a, b] → R be differentiable on [a, b] and f ′: [a, b] → R be integrable on [a, b]. Let w: [a, b] → [0,∞)
be some probability density function, that is, an integrable function satisfying
∫ b
a w(t)dt = 1, and W (t) =
∫ t
a w(x)dx
for t ∈ [a, b], W (t) = 0 for t < a, and W (t) = 1 for t > b. In [4] Pecˇaricˇ has given the following weighted extension









where Pw(x, t) is the weighted Peano kernel defined by
Pw(x, t) =
{
W (t), a ≤ t ≤ x,
W (t)− 1, x < t ≤ b. (1.5)
For some suitable functions w, f, g: [a, b] → R, we set
T (w, f, g) =
∫ b
a









and define ‖ · ‖∞ as the usual Lebesgue norm on L∞[a, b] that is, ‖h‖∞ := ess supt∈[a,b] |h(t)| for h ∈ L∞[a, b].
Pachpatte Theorems 2.1 and 2.2 [3] follow.
Theorem 1.1. Let f, g: [a, b] → R be differentiable on [a, b] and f ′, g′: [a, b] → R be integrable on [a, b]. Let
w: [a, b] → [0,∞) be an integrable function satisfying ∫ ba w(t)dt = 1. Then









for x ∈ [a, b] and Pw(x, t) is the weighted Peano kernel given by (1.5).
Theorem 1.2. Let f, g, f ′, g′, w be as in Theorem 1.1. Then




w(x)[|g(x)| ‖ f ′‖∞ + | f (x)| ‖g′‖∞]H(x)dx, (1.9)
where H(x) is defined by (1.8).
2. Main results
We make
Remark 2.1. Let A be a spherical shell ⊆ RN , N ≥ 1, i.e. A := B(0, R2) − B(0, R1), 0 < R1 < R2. Here the ball
B(0, R) := {x ∈ RN : |x | < R}, R > 0, where | · | is the Euclidean norm; also SN−1 := {x ∈ RN : |x | = 1} is the





) . For x ∈ RN − {0} one can write uniquely x = rω, where r > 0,
ω ∈ SN−1.
Let F,G ∈ C1(A). First we assume that F , G are radial, i.e. F(x) = f (r), G(x) = g(r), where r = |x |,
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i.e. w(s) := NsN−1
RN2 −RN1








, for s ∈ [R1, R2],




W (s), R1 ≤ s ≤ r,
W (s)− 1, r < s ≤ R2. (2.1)


























Here we see that
Vol(A) = ωN (R
N
























































































=: T (w, f, g), (2.9)
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as in Pachpatte [3]; see (1.6).
By Theorem 2.1 of Pachpatte [3], see Theorem 1.1, we obtain that
























2r N+1 + N (RN+11 + RN+12 )
N + 1
)
− r(RN1 + RN2 )
]
, r ∈ [R1, R2]. (2.11)
In general it holds that∥∥∥∥∂F∂r
∥∥∥∥∞ ≤ ‖∇F‖∞,∥∥∥∥∂G∂r
∥∥∥∥∞ ≤ ‖∇G‖∞, (2.12)
with equality in the radial case.












2r N+1 + N (RN+11 + RN+12 )− r(N + 1)(RN1 + RN2 )
]2
dr. (2.14)






+ N (RN+11 + RN+12 )2(RN2 − RN1 )+
(N + 1)2
(N + 2) (R
N






(RN+11 + RN+12 )(R2N+12 − R2N+11 )− 2(N + 1)(RN1 + RN2 )(R2N+22 − R2N+21 ). (2.15)
We have established our first main result.
Theorem 2.1. Let F,G ∈ C1(A) be radial functions. Then
|T˜ (F,G)| ≤ ‖∇F‖∞‖∇G‖∞ N I
(RN2 − RN1 )3(N + 1)2
. (2.16)
We continue from Remark 2.1.
Remark 2.2. By Theorem 2.2 of Pachpatte [3], see Theorem 1.2, under the same terms and assumptions, we obtain








[|g(r)| ‖ f ′‖∞ + | f (r)| ‖g′‖∞] H(r)dr. (2.17)
We have derived the following result.
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Theorem 2.2. Let F,G ∈ C1(A) be radial functions. Then











2|x |N+1 + N (RN+11 + RN+12 )
N + 1
)
− |x |(RN1 + RN2 )
]
, x ∈ A. (2.19)
We continue from Remark 2.2 to transfer our results over the ball.
Remark 2.3. Here we set R := R2 and let R > R1 → 0. We assume F,G ∈ C1(B(0, R)) to be radial. Inequality
(2.16) is clearly true when ‖∇F‖∞, ‖∇G‖∞ are taken over B(0, R) which is a larger set containing A. We consider
here this modified form of (2.16).
Let now 0 < R1,n ↓ 0, as n → ∞, i.e. B(0, R1,1) ⊃ B(0, R1,2) ⊃ · · · ⊃ B(0, R1,n) . . ., with⋂∞n=1 B(0, R1,n) ={0}. That is, as R1 → 0 then B(0, R1) ↓ {0}. Hence
χB(0,R1)
R1→0−→ χ{0}.
Let h be Lebesgue integrable on B(0, R). That is, |hχB(0,R1)| ≤ |h|. Consequently
hχB(0,R1)
R1→0−→ hχ{0}, pointwise over B(0, R).






























We also notice that
lim
R1→0





(3N + 2) +
(N + 1)2
(N + 2) +
4N
(2N + 1) − (N + 2)
]
. (2.22)
So based on (2.16) and the above we derive


















(3N + 2) +
(N + 1)2
(N + 2) +
4N
(2N + 1) − (N + 2)
]
. (2.23)
Similarly from (2.18) we get
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[|G(x)| ‖∇F‖∞ + |F(x)| ‖∇G‖∞] H∗(|x |)dx, (2.24)
where
H∗(|x |) = 1
RN
[(





, x ∈ B(0, R). (2.25)
Next we treat not necessarily radial functions in our setting. We give























∥∥∥∥∞ N I(RN2 − RN1 )3(N + 1)2
≤‖∇F‖∞‖∇G‖∞ N I
(RN2 − RN1 )3(N + 1)2
, (2.27)
where I is given by (2.15).






∈ C([R1, R2]), ∀ω ∈ SN−1.



























∥∥∥∥∞ N I(RN2 − RN1 )3(N + 1)2 . (2.29)




























∥∥∥∥∞ N I(RN2 − RN1 )3(N + 1)2 . (2.30)
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That completes the proof. 
Next we generalize Theorem 2.2.


































[|G(x)| ‖∇F‖∞ + |F(x)| ‖∇G‖∞] H(|x |)dx, (2.33)
where H is given by (2.11).















































































which proves the claim. 
Next we give general results over the ball.



























(3N + 2) +
(N + 1)2
(N + 2) +
4N
(2N + 1) − (N + 2)
]





(3N + 2) +
(N + 1)2
(N + 2) +
4N
(2N + 1) − (N + 2)
]
. (2.37)
126 G.A. Anastassiou / Applied Mathematics Letters 21 (2008) 119–127







∈ C((0, R]), ∀ω ∈ SN−1.



























∥∥∥∥∞ N I(RN − RN1 )3(N + 1)2 . (2.39)























(3N + 2) +
(N + 1)2
(N + 2) +
4N
(2N + 1) − (N + 2)
]
. (2.40)

































(3N + 2) +
(N + 1)2
(N + 2) +
4N
(2N + 1) − (N + 2)
]
. (2.41)










That completes the proof. 
We finish with































[|G(x)| ‖∇F‖∞ + |F(x)| ‖∇G‖∞]H∗(|x |)dx, (2.44)
where H∗ is given by (2.25).
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∈ C((0, R]), ∀ω ∈ SN−1.





































































































which proves the claim. 
References
[1] P.L. Chebyshev, Sur les expressions approximatives des integrales definies par les autres prises entre les meˆmes limites, Proc. Math. Soc.
Charkov 2 (1882) 93–98.














, Math. Z. 39 (1935)
215–226.
[3] B.G. Pachpatte, On Chebyshev–Gru¨ss type inequalities via Pecaric’s extension of the Montgomery identity, J. Inequal. Pure Appl. Math. 7 (1)
(2006) Article 11. http://jipam.vu.edu.au/.
[4] J.E. Pecaric, On the Chebyshev inequality, Bul. Sti. Tehn. Inst. Politehn. Train Vuia Timisora 25 (39) (1) (1980) 5–9.
